Abstract. We investigate singular Hermitian metrics on vector bundles, especially strictly Griffiths positive ones. L 2 esitimates and vanishing theorems usually require an assumption that vector bundles are Nakano positive. However there is no general definition of the Nakano positivity in singular settings. In this paper, we show various L 2 estimates and vanishing theromes by assuming that the vector bundle is strictly Griffiths positive and the base manifold is projective.
Introduction
We investigate singular Hermitian metrics on vector bundles. Singlular Hermitian metrics on line bundles have a key role in complex geometry. They make it possible that we apply complex analytic methods to complex algebraic geometry (cf. [5] ). Singular Hermitian metrics on vector bundles were also introduced and investigated in many papers (for examples, [2] , [3] , [7] , [9] , [10] , etc.). However it is known that curvature currents of singular Hermitian metrics on vector bundles are not always defined with measure coefficients [10, Theorem 1.5]. As a result, a positivity of singular Hermitian metrics on vector bundles generally cannot be dealt with directly by using the curvature currents. Griffiths semi-positivity or semi-negativity of singular Hermitian metrics is defined without using the curvature currents ( [2] , [9] , [10] , see Definition 2.4). Nevertheless a general definiton of Nakano positivity has not been formulated even though L 2 esitimates and vanishing theorems usually require an assumption that vector bundles are Nakano positive.
In this paper, we show various L 2 esitimates and vanishing theorems. To be precise, we have the following result. We let X be an n-dimensional complex projective manifold, let ω be a Kähler form on X, let dV ω = ω n n! be the volume form determined by ω, and let E → X be a holomorphic vector bundle of rank r over X. Theorem 1.1. Let h be a Griffiths semi-positive singular Hermitian metric on E. We assume that h satisfies the condition (I) : (I-i) {det h = +∞} ⊂ S for some proper closed analytic subset S of X, (I-ii) h is continuous on X \ S, and (I-iii) h is strictly Griffiths δ-positive on X \ S.
Suppose that f is an E-valued (n, n)-form with finite L 2 -norm. Then there is an E-valued (n, n − 1)-form g such that ∂g = f, The organaization of this paper is as follows. In Section 2, we explain basic definitions and properties of singular Hermitian metrics on vector bundles. In Section 3, we prepare some lemmas and properties about Grifiths positive or negative singular Hermitian metrics on vector bundles. In Section 4 and 5, we prove the main theorems and corollaries.
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Singular Hermitian metrics on vector bundles
In this section, we introduce a definition and property of a singular Hermitian metric on a vector bundle. To start with, we refer to basic notions of smooth Hermitian metrics on vector bundles. Thoroughout this section, X denotes a complex manifold with a positive Hermitian form ω, and E denotes a holomorphic vector bundle over X.
2.1.
Positivity concepts of smooth Hermitian metrics on vector bundles. Let h be a smooth Hermitian metric on E and the Chern curvature of (E, h) be Θ E,h or simply Θ. The curvature Θ E,h is a Hom(E, E) valued (1, 1) form, thus let (z 1 , . . . z n ) be holomorphic coordinates on X around p and let (e 1 , . . . e r ) be an orthonormal frame of E. By referring to [5, (3.8) ], writing √ −1Θ E,h = 1≤j,k≤n,1≤λ,µ≤r
we can identify the curvature tensor to a Hermitian form
on T X ⊗ E. This leads to positivity concepts.
Definition 2.1. The smooth Hermitian vector bundle (E, h) is (1) Griffiths semi-positive (resp. Griffiths positive
If we consider reverse inequalities in the above definition, we can get a definition of Griffiths and Nakano negativity of the smooth Hermitian vector bundle.
It is known that Griffiths positivity and negativity can be defined without using the curvature current. This characterization and the following property will be used in the singular setting. 
The above definition (1) is equivalent to (1') (cf. [10, Section 2]). Nakano seminegativity of a singular Hermitian metric is also defined without using the curvature current (cf. [10, Definition 1.8]). However the dual bundle of a Nakano negative vector bundle is not necessarily Nakano positive, hence the Nakano (semi-)positive singular Hermitian metric has not been defined. Furthermore, strictly positivity or negativity of a singular Hermitian metric is not generally formulated. The following result is only known as a definition of strictly Griffiths negativity of a singular Hermitian metric. on U j , and
in the sense of distributions, for any section s and any vector field ξ = ξ j ∂ ∂z j . Here we let
We say that a singular Hermitian metric h is strictly (δ-)Griffiths positive if the dual metric is strictly Griffiths negative. The above condition (2) certifies that the curvature current Θ h exists as a current with measurable coefficients on X \ F [10, Corollary 1.7].
Some properties of Griffiths positive singular Hermitian metrics
In this section, we prepare some lemmas and propositions about Griffiths negative or positive singular Hermitian metrics. Some of them are not directly related to the proof of the main theorems. However we summarize these properties in order to improve the outlook. Throughout this section, let E be a holomorphic vector bundle on the base manifold X, and h be a singular Hermitian metric on E.
In order to study analytic properties about the curvature current of h, we will take an approximating sequence {h ν } ∞ ν=1 of h. Locally, we can take such an sequence, through convolution with an approximate identity, from the following lemma.
Lemma 3.1. [2, Proposition 3.1] Let h be a Griffiths semi-negative singular Hermitian metric. If E is a trivial vector bundle over a polydisk, then there exists a sequence of smooth Hermitian metrics {h ν } ∞ ν=1 , with negative Griffiths curvature, decreasing pointwise to h on any smaller polydisk.
If h is Griffiths semi-positive, we can also get an increasing approximating sequence by taking the dual metric of above Lemma 3.1. Let {h ν } ∞ ν=1 be an approximating sequence of h. We investigate analytic propeties about θ hν , θ h , Θ hν , and Θ h , where θ hν (resp. θ h ) is the connection form associated with h ν (resp. h). For an arbitrary smooth vector field ξ, θ h denotes θ h (ξ), and Θ h denotes Θ h (ξ, ξ).
Theorem 3.2. [10, Theorem 1.6] Let X be a complex manifold with a positive Hermitian form ω, and let h be a singular Hermitian metric that is Griffiths semi-negative. Moreover let {h ν } ∞ ν=1 be any approximating sequence of smooth Hermitian metrics with Griffiths semi-negative curvature, decreasing to h.
If there exisits
loc (X) uniformly in ν, Θ h has measure coefficients, and Θ hν weakly converges to Θ h in the sense of measures.
The above notations mean that after choosing a basis for E and representing θ hν , θ h , Θ hν , and Θ h as a marix, each element of the matrix has measure coefficients, weakly converges, and so on. If the L 2 norm, on a fixed compact subset of X, of each element of θ hν has an upper bound which is independent of ν, we say θ hν ∈ L 2 loc (X) uniformly in ν. This type of lemma is only known in the case that the singular Hermitian metric h is Griffiths semi-negative. We show it in the situation that h is Griffiths semi-positive. We start by prepairing some lemmas for it. Lemma 3.3. Let h be a Griffiths semi-negative singular Hermitian metric, and h ij be the (i, j) element of h. Then it follows that
in the sense of distributions. Moreover we have
Proof. Since the setting is local, we can assume that X is a polydisk in C n , E is trivial over X, and h is represented as a matrix. Without any loss of generality, we also can take an approximating sequence {h ν } ∞ ν=1 of smooth Hermitian metrics with Griffiths semi-negative curvature, decreasing to h on X. We begin to show that
for each ν. Firstly, we have
Each element of h and h ν is locally bounded uniformly in ν [9, Remark 2.2.3]. Hence this integral value goes to zero by the Lebesgue convergence theorem. Secondly, we get
where K denotes the support of χ. Locally boundness of h leads to that
. Therefore the first term goes to zero. The second term also goes to zero for the reason that ∂h ν ij weakly converges to ∂h ij in L 2 (K) and hχ ∈ L 2 (K). Then we can conclude that (∂h ν ij )h ν kl weakly converges to (∂h ij )h kl , and h ν ij (∂h ν kl ) also weakly converges to h ij (∂h kl ).
Finally, taking weak limits of (♦), we obtain
Repeating this argument, we consequently prove (1), (2), and (3) for the reason that
loc (X) uniformly in ν, and ∂h ν weakly converges to ∂h in L Subsequently, we prepare lemmas in the local setting.
Lemma 3.4. Let h be a Griffiths semi-negative singular Hermitian metric. We assume that det h > ǫ for some positive constant ǫ > 0, then we have
in the sense of distributions.
Proof. It is sufficient to show that
weakly converges to
. We have
where C denotes the supremum of χ on X, and K denotes a support of χ. The first term goes to zero as ν → ∞ for the reason that ∂ det h ν L 2 (K) uniformly in ν and
For the second term, we know that ∂ det h ν weakly converges ∂ det h in L 2 (K) by the Lemma 3.3 and
Hence it goes to zero as ν → ∞.
Finally we can conclude that
. Taking weak limits of (♦), we obtain
in the sense of the distributions.
Lemma 3.5. Let h be a Griffiths semi-negative singular Hermitian metric, and h be the adjugate matrix of h. We assume that det h > ǫ for some positive constant ǫ > 0, then we have
Proof. The proof of the first part is alomost the same as the second part. It is enough to show that
for each ν. For the left hand side of the above equation, we will show that ∂
Here
where K denotes a support of χ, C denotes the supremum of h 0 on K, and C ′ denotes the supremum of ∂χ on K. The constant C satisfies the following inequalities that |h ν | ≤ C and |h| ≤ C on K [9, Remark 2. 
by Lemma 3.4, where K deotes a support of χ, and C ′′ denotes the supremum of χ on K. The first term goes to zero for the reason why ∂ det h ν weakly converges to ∂ det h in L 2 (K) from the results of Lemma 3.3 andĥ det 2 h ∈ L 2 (K). For the second term, we have ∂ det h ν L 2 (K) uniformly in ν, and
Therefore it goes to zero by the Lebesgue convergence theorem.
Finally, taking weak limits of (♦), we have
Using the above lemmas, we can get the positive version of Theorem 3.2. More precisely, we have the following theorem. Theorem 3.6. Let X be a complex manifold with a positive Hermitian form ω, and let h be a singular Hermitian metric that is Griffiths semi-positive. Moreover let {h ν } ∞ ν=1
be any approximating sequence of smooth Hermitian metrics with Griffiths semi-positive curvature, increasing to h.
If there exisits C > 0 such that det h < C, then
loc (X) uniformly in ν, Θ h has measure coefficients, and Θ hν weakly converges toΘ h in the sense of measures.
Proof. First of all, the dual metric h
⋆ satisfies the assumption of the above lemmas. Repeating the proof of Lemma 3.5, we get
Using Lemma 3.3, we obtain
in the sense of distributions, hence we have
. Using Theorem 3.2, we can prove the part (1) and (2). Part (3) also follows since
Remark 3.7. If h is smooth, the above equation Θ h = − t Θ h ⋆ is a well-known fact. However, if h is singular, differential is in the sense of distributions. Hence 0 = ∂h −1 h + h −1 ∂h makes no sense. For this reason, we do not know whether the equation Θ h = − t Θ h ⋆ holds when h is singular.
In the situation of Theorem 1.1 and 1.3, det h < C locally on X \ S for some positive constant C since h is continuos. Hence the curvature current Θ h has measure coefficients on X \ S because of Theorem 3.6.
Proof of Theorem 1.1
In this section, we will prove Theorem 1.1. First of all, we need some lemmas. Throughtout section 4 and 5, X denotes an n-dimensional projective manifold, ω denotes a Kähler form on X, E denotes a holomorphic vector bundle over of rank r, and h denotes a Hermitian metric on E. Let L 2 (p,q) (X, E, h, ω) (resp. L 2 loc(p,q) (X, E, h, ω)) be the space of square integrable (resp. locally square integrable) E-valued (p, q)-forms on X.
Lemma 4.1. Let h ′ be a smooth and strictly Griffiths δ-positive metric on E. For any
Proof. We will compute the Hermitian operator √ −1Θ h ′ , Λ , where Λ is the adjoint operators of L which is defined by Lu = ω ∧ u, and [ , ] is graded Lie bracket. Writing
at a fixed point p ∈ X as in Section 2, we compute the operator
Therefore the following equations hold
For each j, by taking a vector field ξ = ∂ ∂z j we show that
from the definition of a strictly Griffiths δ-positive metric. Then we get
and we see that the operator √ −1Θ h ′ , Λ is positive definite. Hence it follows that
We then can conclude that there exists g ∈ L
2
(n,n−1) (X, E, h ′ ) such that∂g = u and g
We prove one more lemma. It is a generalization of the argument of [11, Section 4].
Lemma 4.2. Let Z be a n-dimensional submanifold of C N , U be an open neighborhood of Z in C N , and p : U → Z be a holomorphic retraction map such that p • i = id Z , where i is a inclusion map i : Z → U. We assume that there is a trivial vector bundle E over Z equipped with a singular Hermitian metric h satisfying the following properties (i) continuous and strictly δ-Griffiths positive, and (ii) 0 < det h < +∞. Then (1) a singular Hermitian metric p ⋆ h on p ⋆ E is also Griffiths semi-positive. We also have the following inequality
(2) Moreover we can take a sequence of smooth Hermitian metrics {h ν } Proof of Theorem 1.1. By Serre's GAGA, there exists a Zariski open subset Z = ∅ such that Z ⊂ X \ S and E| Z is a trivial vector bundle over Z for the reason that X is a complex projective manifold. We can take Z as a Stein open subset. Then Z can be properly imbedded in C N for some large N. We regard Z as a submanifold of C N . From Siu's result in [12] , there exists an open neighborhood U of Z in C N which is a holomorphic retract of Z. Let p : U → Z be a holomorphic retraction map such that p • i = id Z , where i is a inclusion map i : Z → U. Since E| Z is a trivial vector bundle, p ⋆ E is also trivial on U. We can take an exhasution {Z j } ∞ j=1 of Z, where each Z j is a relatively compact Stein subdomain. On each Z j , we get a constant c j such that ω ′ ≤ c j ω, where ω ′ is a Kähler form on U. We can take constants {c j } For fixed j, we get the following inequality
is increasing to h and f ∈ L 2 (n,n) (X, E, h, ω). For large enough ν, appling Lemma 4.1 and Lemma 4.2 on Z j , we get E-valued (n, n − 1)-L 2 form g ν on Z j such that∂g ν = f , and
since Lemma 4.1 also holds for Stein manifolds. Moreover the right hand side of above inequalities has upper bound independent of ν. Therefore we can find a weakly convergent
by using a diagonal argument and monotonicity of {h ν } ∞ ν=1 . It follows that {g ν k } ∞ k=1 weakly converges in L 2 (n,n) (Z j , E, h ν , ω) for any large enough ν and the weak limit g j is in L 2 (n,n) (Z j , E, h, ω), i.e.
equivalently,
The right hand side of the above inequality is independent of j, repeating a diagonal argument and taking weak limits, then we obtain E-valued
(n,n−1) (X, E, h, ω), and we get
on X from the properies of {c j } ∞ j=1 and the following lemma. If g is semi-negative, the Lelong number of g at x is defined as ν(log g, x) = lim inf z→x log g(z) log |z − x| .
If g is semi-positive, the Lelong number of g at x is defined as
Here x is a point of X, z is a coordinate around x. Taking a basis for L, we represent g as a positive function.
The above definition is independent of the choice of local coordinates. If g is seminegative (resp. positive), log g (resp. − log g) is locally plurisubharmonic. Therefore Definition 4.5 coincide with the usual definition of the Lelong number of a closed positive current (cf. [5, Theorem 2.8]).
Using these notions, we will prove Corollary 1.2. We recall that det h is a semi-positive (resp. negative) if h is a Griffiths semi-positive (resp. negative) singular Hermitian metric (cf. Proof of Corollary 1.2. Let C ∞ (n,n) (X, E) be the space of smooth E-valued (n, n) forms on X. For the reason that the Lelong number of 1 2 log det h ⋆ is less than 1 for an point x ∈ X, we have
from the results of Skoda [13] . Then |s| 
. Repeating the argument of the proof of Theorem 1.1, we have the isomorphism
(n,n−1) (X, E, h, ω) by using Theorem 1.1. We can conclude that H n (X, K X ⊗ E) = 0.
Proof of Theorem 1.3
We will prove Theorem 1.3. The proof of Theorem 1.3 is same as that of Theorem 1.1. To begin with, we prepare a lemma with respect to a smooth Hermitian metric.
Lemma 5.1. Let h ′ be a smooth Hermitian metric that is strictly δ-Griffiths positive. Then the metric h ′ ⊗ det h ′ is strictly δr-Nakano positive, i.e. the inequality
holds for all non-zero tensors τ ∈ T X ⊗ E ⊗ det E. Letting g be 0 on X \ Z, we see that g is in L 2 (n,q−1) (X, E ⊗ det E, h ⊗ det h, ω). Then we get∂g = f on X, and Proof of Corollary 1.4. Locally, we have
where h ⋆ is the adjugate matrix of h ⋆ . From the results of Skoda [13] , we have
Repeating the argument of the proof of Corollary 1.2, we can conclude that H q (X, K X ⊗ E ⊗ det E) = 0 for q > 0.
We have an application of Corollary 1.4. We show the following example.
Example 5.2. Let V be a complex vector space of dimension n + 1, and X = P (V ) := (V \{0})/C ⋆ = P n be the projective space of V . We also let O(−1) denote the tautological line bundle, and Q denote the quotient bundle V /O(−1). Then there do not exist any Griffiths semi-positive singular Hermitian metrics on Q that satisfy the condition (I) and ν(− log det h, x) < 1. . If Q has a Griffiths semi-positive singular Hermitian metric satisfying the condition (I) and ν(− log det h, x) < 1, the cohomology group H q (P n , K P n ⊗ Q ⊗ det Q) = H q (P n , K P n ⊗ TP n ) vanishes for any positive integer q > 0 from Corollary 1.4. However the Serre duality theorem implies that H q (P n , K P n ⊗ TP n ) ⋆ ∼ = H n−q (P n , T ⋆ P n ) ∼ = H (1,n−q) (P n , C) ∼ = C (q = n − 1) 0 (q = n − 1).
This contradicts to Corollary 1.4. Therefore we conclude that there cannot exist any Griffiths semi-positive singular Hermitian metrics satisfying the condition (I) and ν(− log det h, x) < 1 on Q = V /O(−1).
